Abstract. A knot in the 3-sphere is called an L-space knot if it admits a nontrivial Dehn surgery yielding an L-space, which is a generalization of a lens space from the algebraic viewpoint of Heegaard Floer homology. Given an Lspace knot K, can we obtain an infinite family of L-space knots by twistings K along a suitably chosen unknotted circle? We consider this question in the case where K admits a Seifert surgery, and give a sufficient condition on such an unknotted circle. If K is a torus knot, then we have an unknotted circle c such that twistings along c produce an infinite family of hyperbolic, L-space knots. In particular, for the trivial knot we can take infinitely many such unknotted circles. We also demonstrate that there are infinitely many hyperbolic, L-space knots with tunnel number greater than one, each of which arises from a trefoil knot by alternate twistings along two unknotted circles.
This result, together with Thurston's hyperbolic Dehn surgery theorem [53, 54, 4, 51, 7] , shows that each hyperbolic, L-space knot produces infinitely many hyperbolic, L-spaces by Dehn surgery. Thus to obtain hyperbolic L-spaces, it is efficient to find hyperbolic, L-space knots.
On the other hand, L-space knots are very restrictive. In fact, there exist some strong constraints for L-space knots:
• If K is an L-space knot, its Alexander polynomial has the form
for some increasing sequence of positive integers 0 < n 1 < n 2 < · · · < n k [49, Corollary 1.3] .
• An L-space knot is fibered [44, Corollary 1.2]( [45] ); see also [21, 31] .
• An L-space knot is prime [33, Theorem 1.2] .
Note that these conditions are not sufficient. For instance, 10 132 satisfies the above conditions, but it is not an L-space knot; see [49] .
It is interesting to ask the question of what operations on knots produce L-space knots, or keep a property of being L-space knots. Hedden [27] introduces a way to create L-space knots using "cabling" operation. Let k be an L-space knot with a positive L-space surgery, and K = C p,q (k) a (p, q)-cable of k; K wraps q-times along k. Then he proves that K is also an L-space knot if p/q ≥ 2g(k)−1. Recently, Hom, Lidman and Vafaee [28] generalize this by introducing a "satellite" operation which uses a 1-bridge braid pattern. As another operation, "twisting" operation is also natural in knot theory, and we address:
. Given an L-space knot K, does there exist an unknotted circle c such that twistings K along c produce an infinite family of L-space knots?
We approach this question by focussing on knots with Seifert surgeries, and prove that some "seiferters" originally arose in the study of Seifert Surgery Network [14] are desired unknotted circles. Let us recall some basic facts given in [14] . A pair (K, m) of a knot K in S 3 and an integer m is a Seifert surgery if the result K(m) of m-Dehn surgery on K has a Seifert fibration; we allow the fibration to be degenerate, i.e. it contains an exceptional fiber of index 0 as a degenerate fiber. For elementary facts on degenerate Seifert fibrations, see [14, 2.1] . Definition 1.3 (seiferter [14] ). Let (K, m) be a Seifert surgery. A knot c in S 3 − N (K) is called a seiferter for (K, m) if c satisfies (1) and (2) below.
(1) c is a trivial knot in S 3 .
(2) c becomes a fiber in a Seifert fibration of K(m).
As remarked in [14, Convention 2.15] , if c bounds a disk in S 3 − K, then we do not regard c as a seiferter. Thus for any seiferter c for (K, m), S 3 − intN (K ∪ c) is irreducible. Given a Seifert surgery (K, m) with a seiferter c, let K c,n and m c,n be the images of K and m under n-twist along c (equivalently n-twist along the disk D bounded by c), respectively. Then (K c,n , m c,n ) is also a Seifert surgery for any integer n, and c remains a seiferter for (K c,n , m c,n ) ( [14, Proposition 2.6] ). In what follows, we often abbreviate (K c,n , m c,n ) to (K n , m n ) for notational simplicity, and if K(r) is an L-space, we call the pair (K, r) an L-space surgery.
Let (K, m) be a Seifert surgery with a seiferter c. There are two cases according as c becomes a fiber in a non-degenerate Seifert fibration of K(m) or c becomes a fiber in a degenerate Seifert fibration of K(m). In the former case, for homological reason, the base surface is the 2-sphere S 2 or the projective plane RP 2 .
Suppose that c is a fiber in a non-degenerate Seifert fibration of K(m) over the 2-sphere S 2 with at most three exceptional fibers; if there are three exceptional fibers, we assume that c is one of exceptional fibers. Then we call such a seiferter a seiferter for a small Seifert fibered surgery (K, m). In Section 3, we will introduce an "L-space seiferter" for a small Seifert fibered surgery (K, m) which is not necessarily an L-space surgery, and prove: Let us turn to the case where c is a (degenerate or non-degenerate) fiber in a degenerate Seifert fibration of K(m). Recall from [14, Proposition 2.8] that if K(m) has a degenerate Seifert fibration, then it is a lens space or a connected sum of two lens spaces such that each summand is neither S 3 nor S 2 × S 1 . The latter 3-manifold will be simply referred to as a connected sum of two lens spaces. Since a connected sum of L-spaces are also an L-space [52, 8.1(5) ] ( [47] ), a connected sum of two lens spaces is an L-space. Theorem 1.6. Let c be a seiferter for (K, m) which becomes a (degenerate or non-degenerate) fiber in a degenerate Seifert fibration of K(m).
(1) If K(m) is a lens space, then (K n , m n ) is an L-space surgery, hence K n is an L-space knot, for all but at most one integer n. (2) If K(m) is a connected sum of two lens spaces, then (K n , m n ) is an Lspace surgery, hence K n is an L-space knot, for any integer n ≥ −1 or n ≤ 1.
Following Greene [25, Theorem 1.5] , if K(m) is a connected sum of two lens spaces, then K is a torus knot or a cable of a torus knot. In the former case we can prove the following theorem which sharpens Theorem 1.6(2). Theorem 1.7. Let c be a seiferter for (T p,q , pq) (p > q ≥ 2). Then a knot K n obtained from T p,q by n-twist along c is an L-space knot for any n ≥ −1. Furthermore, if the linking number l between c and T p,q satisfies l 2 ≥ 2pq, then K n is an L-space knot for all integers n.
As an application of Theorem 1.7 we present infinite families of L-space twisted torus knots. See Section 5 for the definition of a twisted torus knot K(p, q; r, s) introduced by Dean [10] and a related result of Vafaee [55] .
Theorem 1.8 (L-space twisted torus knots).
(1) The following twisted torus knots are L-space knots for all integers s.
• K(p, q; p + q, s) with p > q ≥ 2 • K(3n + 1, 2n + 1; 4n + 1, s) with n > 0 • K(3n + 2, 2n + 1; 4n + 3, s) with n > 0 (2) The following twisted torus knots are L-space knots for any s ≥ −1.
• K(p, q; p − q, s) with p > q ≥ 2 • K(2n + 3, 2n + 1; 2n + 2, s) with n > 0 Theorem 1.8 has the following corollary, which gives an answer to Question 1.2 for nontrivial torus knots. Corollary 1.9. For any torus knot T p,q (p > q ≥ 2), we can take an unknotted circle c so that n-twist along c converts T p,q into an L-space knot K n for all integers n. Furthermore, {K n } |n|>3 is a set of mutually distinct hyperbolic knots.
In particular, for the simplest L-space knot, i.e. the trivial knot O, we can strengthen Corollary 1.9 as follows. Theorem 1.10 (L-space twisted unknots). For the trivial knot O, we can take infinitely many unknotted circles c so that n-twist along c changes O into a nontrivial, L-space knot K c,n for any non-zero integer n. Furthermore, {K c,n } |n|>1 is a set of mutually distinct hyperbolic knots.
Recall that the tunnel number of a knot K in S 3 is the minimum number of mutually disjoint, embedded arcs connecting K such that the exterior of the resulting 1-complex is a handlebody. Hedden's cabling construction [27] , together with [42] , enables us to obtain an L-space knot with tunnel number greater than 1. Actually Baker and Moore [3] have shown that for any integer N , there is an L-space knot with tunnel number greater than N . However, L-space knots with tunnel number greater than one constructed above are all satellite (non-hyperbolic) knots and they ask:
Is there a non-satellite, L-space knot with tunnel number greater than one?
Examining knots with Seifert surgeries which do not arise from primitive/Seifertfibered construction given by [18] , we can prove the following which answers the question in the positive. Each knot in the theorem is obtained from a trefoil knot T 3,2 by alternate twisting along two seiferters for (T 3,2 , 7).
In Section 8, we will discuss further problems on relationships between L-space knots and twisting operation.
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Seifert fibered L-spaces
Let M be a rational homology 3-sphere which is a Seifert fiber space. 1 , a 2 , a 3 ) * the ordered triple (σ(a 1 ), σ(a 2 ), σ(a 3 )), where σ is a permutation 
is an L-space if and only if one of the following holds.
(2) b = −1 and there are no relatively prime integers a, k such that 0 < a ≤ k/2 and (r 1 , r 2 , r 3 )
(3) b = −2 and there are no relatively prime integers 0 < a ≤ k/2 such that
For our purpose, we consider the following problem:
Problem 2.2. Given integer b and rational numbers 0 < r 1 ≤ r 2 < 1, describe a rational number −1 ≤ r ≤ 1 for which S 2 (b, r 1 , r 2 , r) is an L-space.
We begin by observing:
is an L-space for any 0 < r < 1.
Proof of Lemma 2.3 . The first assertion is nothing but Theorem 2.1(1). Suppose for a contradiction that S 2 (−1, r 1 , r 2 , r) is not an L-space for some 0 < r < 1. Then, by Theorem 2.1(2) we can take relatively prime integers a, k (0 < a ≤ k/2) so that (r 1 , r 2 , r)
This then implies that
This proves (2) . To prove (3), assume for a contradiction that S 2 (−2, r 1 , r 2 , r) is not an L-space for some 0 < r < 1. Then, by Theorem 2.1(3) we have relatively prime integers a, k
Now let us prove the following, which gives an answer to Problem 2.2.
Proposition 2.4. Assume that 0 < r 1 ≤ r 2 < 1. We divide into two cases according as 0 ≤ r ≤ 1 or −1 ≤ r ≤ 0.
is an L-space for any 0 < r < 1 by (
is an L-space for any 0 < r < 1. Since
is an L-space for any 0 < r ≤ 1.
(iii) Assume b = −2. Let us assume 0 < r ≤ r 1 so that 0
, a and k are relatively prime integers}. If A = ∅, i.e. there are no relatively prime integers a, k (0 < a ≤ k/2) such that 1 − r 2 < 1/k, 1 − r 1 < a/k, then S 2 (−2, r 1 , r 2 , r) is an L-space for any 0 < r ≤ r 1 by Theorem 2.1. Suppose that A = ∅. Since there are only finitely many integers k satisfying 1 − r 2 < 1/k, A consists of only finitely many elements. Let r 0 be the maximal element in A. If 0 < r ≤ 1 − r 0 , then r 0 ≤ 1 − r < 1, and hence there are no relatively prime integers
an L-space for any 0 ≤ r ≤ ε. Furthermore, if we have the additional condition r 1 + r 2 ≤ 1, then Lemma 2.3(3) improves the result so that S 2 (−2, r 1 , r 2 , r) is an L-space for any 0 ≤ r < 1.
is an L-space for any 0 < r + 1 < 1, i.e. −1 < r < 0 by
, a and k are relatively prime integers}. If A = ∅, then we can easily observe that for any r with r 2 ≤ r + 1 < 1,
is an L-space (Theorem 2.1). Hence for any
Since A is a finite set, we take the maximal element r 0 in A. If r 0 ≤ r + 1 < 1 (i.e. r 0 − 1 ≤ r < 0), then there are no relatively prime integers a,
is an L-space for any −ε ≤ r ≤ 0. Furthermore, if we have the additional condition r 1 + r 2 ≥ 1, then Lemma 2.3(2) improves the result so that S 2 (r 1 , r 2 , r) = S 2 (−1, r 1 , r 2 , r + 1) is an L-space for any −1 < r ≤ 0.
1) is an L-space for any 0 < r + 1 < 1, i.e. −1 < r < 0. Since Claim 2.5 shows that
is an L-space for any −1 ≤ r < 0.
Combining Cases I and II, we obtain the result described in the proposition.
(Proposition 2.4)
The next proposition shows that if S 2 (b, r 1 , r 2 , r ∞ ) is an L-space for some rational number 0 < r ∞ < 1, then we can find r near r ∞ so that
Proposition 2.6. Suppose that 0 < r 1 ≤ r 2 < 1 and
for some rational number 0 < r ∞ < 1.
(
Proof of Proposition 2.6. (1) Assume for a contradiction that
is not an L-space for some r satisfying r ∞ ≤ r < 1. By Theorem 2.1 we have relatively prime integers a, k (0 < a ≤ k/2) such that (r 1 , r 2 , r)
is not an L-space, a contradiction. Since
is not an L-space for some r satisfying 0 < r ≤ r ∞ . Then following Theorem 2.1 we
Since r ≤ r ∞ , we have 1 − r ∞ ≤ 1 − r, and hence (1
(Proposition 2.6)
We close this section with the following result which is the complement of Proposition 2.6.
is not an L-space for some rational number 0 < r ∞ < 1.
L-space for any r ∞ − ε < r < 1.
Proof of Proposition 2.7. (1) Since
is not an L-space, Theorem 2.1 shows that there are relatively prime integers a,
Then clearly there exists ε > 0 such that for any 0 < r < r ∞ + ε, we have (r 1 , r 2 , r)
is not an L-space for any 0 < r < r ∞ + ε.
is not an L-space, by Theorem 2.1 we have relatively
3. L-space surgeries and twisting along seiferters Inon-degenerate case
The goal in this section is to prove Theorems 1.4 and 1.5. Let c be a seiferter for a small Seifert fibered surgery (K, m). Take a a preferred meridian-longitude pair (µ, λ) of c ⊂ S 3 .
Definition 3.1 (c-Seifert fiber space). Let M c be a Seifert fiber space (possibly with a degenerate Seifert fibration) obtained from K(m) by performing λ-surgery along the fiber c ⊂ K(m). We call M c a c-Seifert fiber space. Proof of Theorem 1.4. First we prove the "if" part of Theorem 1.4. If K(m) is a lens space and c is a core of the genus one Heegaard splitting, then K n (m n ) is a lens space for any integer n.
, there is at most one integer n such that (K n , m n ) = (O, 0). Henceforth, in the case where K(m) is a lens space, we assume that K(m) has a Seifert fibration over S 2 with two exceptional fibers t 1 , t 2 , and c becomes a regular fiber in this Seifert fibration. Let E be K(m)−intN (c) with a fibered tubular neighborhood of the union of two exceptional fibers t 1 , t 2 and one regular fiber t 0 removed. Then E is a product circle bundle over the fourth punctured sphere. Take a cross section of E such that K(m) is expressed as S 2 (b, r 1 , r 2 , r 3 ), where the Seifert invariant of t 0 is b ∈ Z, that of t i is 0 < r i < 1 (i = 1, 2), and that of c is 0 ≤ r 3 < 1. Without loss of generality, we may assume r 1 ≤ r 2 . Let s be the boundary curve on ∂N (c) of the cross section so
for some integers α 3 , β 3 , α and β which satisfy α 3 > 0 and αβ 3 − βα 3 = 1, where r 3 = β 3 /α 3 . Now let us put r c = β/α, which is the slope of the preferred longitude λ of c ⊂ S 3 with respect to (s, t)-basis. Then, by definition, the c-Seifert fiber space M c is a Seifert fiber space S 2 (b, r 1 , r 2 , r c ); if r c = ∞, then M c has a degenerate Seifert fibration and it is a connected sum of two lens spaces.
Recall that (K n , m n ) is a Seifert surgery obtained from (K, m) by twisting n times along c. The image of c after the n-twist along c is also a seiferter for (K n , m n ) and denoted by c n . We study how the Seifert invariant of K(m) behaves under the twisting. We compute the Seifert invariant of c n in K n (m n ) under the same cross section on E.
Since we have:
Hence, it follows:
Twisting n times along c is equivalent to performing −1/n-surgery on c.
We thus have:
Hence, the Seifert invariant of the fiber c n in
Remark 3.3. Since (nβ + β 3 )/(nα + α 3 ) converges to β/α when |n| tends to ∞, the c-Seifert fiber space M c can be regarded as the limit of K n (m n ) when |n| tends to ∞.
We divide into three cases: r c = ∞ (i.e. α = 0), r c ∈ Z or r c ∈ Z.
We will prove that M c cannot be S 2 × S 1 . Let w be the linking number between c and K. Then
and we have w = 0. Let us put V = S 3 − intN (c), which is a solid torus containing K in its interior. Since w = 0, K is null-homologous in V . Furthermore, since c is a seiferter for (K, m), the result V (K; m) of V after msurgery on K has a (possibly degenerate) Seifert fibration. Then [14, Lemma 3.22] shows that the Seifert fibration of V (K; m) is non-degenerate and neither a meridian nor a longitude of V is a fiber in V (K; m), and the base surface of V (K; m) is not a Möbis band. Since K is null-homologous in V , V (K; m) is not a solid torus [20] , and hence, V (K; m) has a Seifert fibration over the disk with at least two exceptional fibers. Then M c = V (K; m) ∪ N (c) is obtained by attaching N (c) to V (K; m) so that the meridian of N (c) is identified with a meridian of V . Since a regular fiber on ∂V (K; m) intersects a meridian of V , i.e. a meridian of N (c) more than once, M c is a Seifert fiber space over S 2 with at least three exceptional fibers. Therefore
which is a lens space for any n ∈ Z. Following Claim 2.5
is an L-space surgery for all n ∈ Z except at most n = b + β 3 + r 1 + r 2 .
Next suppose that r c = β/α = ∞, i.e. α = 0. Then the Seifert invariant of c n is
Since αβ 3 − βα 3 = α(β 3 − r c α 3 ) = 1, α and β 3 − r c α 3 have the same sign.
Case 2. r c ∈ Z. We put r c = p. Then we can write
Hence (K n , m n ) is an L-space for all n but n ∈ (x 1 , x 2 ), where f (x 1 ) = p − 1 and f (x 2 ) = p + 1; see Figure 3 .1(i).
(ii) If b = −p − 2, then it follows from Proposition 2.4(2), there is an ε > 0 such that 
is an L-space for any integer n ≥ x 2 , where f (x 2 ) = p + 1 (resp. n ≤ x 1 , where f (x 1 ) = p − 1), see Figure 3 .2. 
, where f (x 1 ) = p − ε and f (x 2 ) = p + 1; see Figure 3 .1(iii).
Case 3. r c ∈ Z and M c = S 2 (b, r 1 , r 2 , r c ) is an L-space. We assume p < r c < p + 1 for some integer p. Then we have S 2 (b, r 1 , r 2 , r c ) = S 2 (b + p, r 1 , r 2 , r c − p), where 0 < r c − p < 1.
, where f (x 1 ) = p − 1 and f (x 2 ) = p + 1; see Figure 3 .3(i).
is an L-space surgery for any integer n except for n ∈ [x 1 , x 2 ), where f (x 1 ) = p and f (x 2 ) = p + 1. ) 
is an L-space for any n ≤ x 1 , where f (x 1 ) = p − 1; see Figure 3 .4(i). (Furthermore, if r 1 + r 2 ≤ 1, then Proposition 2.4(2) shows that
is an L-space surgery for any integer n except for n ∈ (x 1 , x 2 ], where f (x 1 ) = p − 1 and f (x 2 ) = p + 1. )
, where f (x 1 ) = p − ε and f (x 2 ) = p + 1; see Figure 3 .4(ii). r c ∈ Z. We write r c = r
1). It follows from Proposition 2.7 that there is an
Hence there are at most finitely many integers n such that K n (m n ) is an L-space. See Figure 3 .5. , we obtain a knot K l given by Eudave-Muñoz [17] . Then, as shown in [17] , (K l
2 − 4l), and a knot K l,n obtained from K l by n-twist along c is an L-space knot for all integers n. 
L-space surgeries and twisting along seiferters II -degenerate case
In this section we will prove Theorem 1.6.
Proof of Theorem 1.6. Since K(m) has a degenerate Seifert fibration, it is a lens space or a connected sum of two lens spaces [14, Proposition 2.8]. Note that a meridian of t d is identified with a regular fiber on ∂(K(m) − intN (t d )). We divide into two cases according as c is a non-degenerate fiber or a degenerate fiber.
(i) c is a non-degenerate fiber.
By [14, Corollary 3.21(1)] c is not a regular fiber. Hence c is an exceptional fiber, and K n (m n ) is a lens space ( ∼ = S 2 × S 1 ), a connected sum of two lens spaces, or a connected sum of S 2 × S 1 and a lens space ( ∼ = S 3 , S 2 × S 1 ). The last case cannot happen for homological reason. Hence (K n , m n ) is an L-space surgery for any integer n.
(ii) c is a degenerate fiber, i.e. c = t d . As in the proof of Theorem 1.4, let E be K(m) − intN (c) with a fibered tubular neighborhood of the union of two exceptional fibers t 1 , t 2 and one regular fiber t 0 removed. Then E is a product circle bundle over the fourth punctured sphere. Take a cross section of E such that K(m) has a Seifert invariant S 2 (b, r 1 , r 2 , ∞), where the Seifert invariant of t 0 is b ∈ Z, that of t i is 0 < r i < 1 (i = 1, 2), and that of c is 1/0 = ∞. We may assume that r 1 ≤ r 2 . Let s be the boundary curve on
∂N (c) of the cross section so that [s] · [t] = 1 for a regular fiber t ⊂ ∂N (c). Then [µ] = [t] ∈ H 1 (∂N (c)) and [λ] = −[s] − β[t]
∈ H 1 (∂N (c)) for some integer β, i.e. we have:
Apply the argument in the proof of Theorem 1.4, we have:
Proof of Claim 4.1.
is an L-space. Since K −1 (m −1 ) and K 1 (m 1 ) are lens spaces, it remains to show that they are not S 2 × S 1 . Assume for a contradiction that
Then Claim 2.5 shows that r 1 + r 2 = 1, hence 
an L-space if n ≤ −1 or n ≥ 1/ε. See Figure 4 .1(ii). This, together with Claim 4.1,
is an L-space for any integer n satisfying 0 < 1/n ≤ 1 (resp. −1 ≤ 1/n < 0), i.e. n ≥ 1 (resp. n ≤ −1). See Figure 4 .1(i). Combining Claim 4.1, we see that K n (m n ) is an L-space for any n ≥ −1 (resp. n ≤ 1).
(4) If b + β = 0, then Proposition 2.4(4) shows that there is an ε > 0 such that (C 6n+1,n (T 3,2 ), n(6n + 1)) and that for (C 6n+5,n+1 (T 3,2 ), (6n + 5)(n + 1)) are given.
In the case where K is a torus knot, we can prove Theorem 1.7, which is a refinement of Theorem 1.6.
Proof of Theorem 1.7.
If c becomes a non-degenerate fiber in T p,q (pq) (p > q ≥ 2), then as shown in the proof of Theorem 1.6, K n is an L-space knot for any integer n. So we assume that c becomes a degenerate fiber in T p,q (pq). Recall from Theorem 3.19(3) in [14] that the linking number l between c and T p,q is not zero. Recall also that K n (m n ) is expressed as
see the proof of Theorem 1.6. Note that {α 1 , α 2 } = {p, q}, and α 1 α 2 = pq. 
Proof of Claim 4.2. Assume for a contradiction that
b + β = −2. Then K 1 (m 1 ) = S 2 (−2, β 1 /α 1 , β 2 /α 2 , 1) = S 2 (−1, β 1 /α 1 , β 2 /α 2 ). Hence |H 1 (K 1 (m 1 ))| = | − α 1 α 2 + α 1 β 2 + α 2 β 1 |, which coincides with pq + l 2 = α 1 α 2 + l 2 . Since α 1 α 2 + l 2 > α 1 α 2 , we have |−α 1 α 2 +α 1 β 2 +α 2 β 1 | > α 1 α 2 . This then implies β 1 /α 1 +β 2 /α 2 > 2 or β 1 /α 1 + β 2 /α 2 < 0. Either case cannot happen, because 0 < β i /α i < 1. Thus b + β = −2. (Claim 4.2) Claim 4.3. If b + β = −1, β 1 /α 1 + β 2 /α 2 > 1.
Proof of Claim 4.3. If b
This shows
Claims 4.2 and 4.3, together with the argument in the proof of Theorem 1.6 prove that K n is an L-space knot for any n ≥ −1. Now let us prove that K n is an L-space knot for all integers n under the assumption l 2 ≥ 2pq.
Proof of Claim 4.4.
Assume that l 2 ≥ 2pq, and suppose for a contradiction b
, and
or β 1 /α 1 + β 2 /α 2 ≤ 1. The former case cannot happen because 0 < β i /α i < 1, and the latter case contradicts Claim 4.3 which asserts
Proof of Claim 4.5. Suppose for a contradiction that
This then implies Example 4.7 was observed by Ozsváth and Szabó [49] . In [35] Lidman and Moore prove that among pretzel knots, P (−2, 3, q) for odd q ≥ 1 and T 2n+1,2 for some n are the only pretzel knots with L-space surgeries. Furthermore, recently Baker and Moore [3] have proved that Montesinos knots other than the above are not L-space knots.
We close this section with the following observation which reflects the nonuniqueness of degenerate Seifert fibration of the connected sum of two lens spaces.
Let c be a seiferter for (T p,q , pq) which becomes a degenerate fiber in T p,q (pq). As the simplest example of such a seiferter c, take a meridian c µ of T p,q . Then c µ is isotopic to the core of the filled solid torus (i.e. the dual knot of T p,q ) in T p,q (pq), which is a degenerate fiber. Hence c µ is a seiferter for (T p,q , pq) which becomes a degenerate fiber in T p,q (pq) and T p,q − intN (c) is homeomorphic to S 3 − intN (T p,q ).
However, T p,q (pq) − intN (c) is not necessarily homeomorphic to S 3 − intN (T p,q ). 
L-space twisted torus knots
Each torus knot has obviously an unknotted circle c which satisfies the desired property in Question 1.2.
Example 5.1. Embed a torus knot T p,q into a genus one Heegaard surface of S 3 .
Then cores of the Heegaard splitting s p and s q are seiferters for (T p,q , m) for all integers m. We call them basic seiferters for T p,q ; see Figure 5. 1. An n-twist along s p (resp. s q ) converts T p,q into a torus knot T p+nq,q (resp. T p,q+np ), and hence n-twisting along a basic seiferter yields an L-space knot for all n. Twistings along a basic seiferter keep the property of being L-space knots, but produce only torus knots. In the following, we will give another circle c such that twistings T p,q along c produce an infinite family of hyperbolic, L-space knots.
Definition 5.2 (twisted torus knot [10] ). Let Σ be a genus one Heegaard surface of S 3 . Let T p,q (p > q ≥ 2) be a (p, q)-torus knot which lies on Σ. Choose an unknotted circle c ⊂ S 3 − T p,q so that it bounds a disk D such that D ∩ Σ is a single arc intersecting T p,q in r (2 ≤ r ≤ p + q) points in the same direction. A twisted torus knot K(p, q; r, s) is a knot obtained from T p,q by adding s full twist along c.
Remark 5.3. Twisting T p,q along the basic seiferter s p (resp. s q ) s-times, we obtain the twisted torus knot K(p, q; q, s) (resp. K(p, q; p, s)), which are torus knots for any integer s, and hence L-space knots.
In [55] Vafaee studies twisted torus knots from a viewpoint of knot Heegaard Floer homology and showed that twisted torus knots K(p, kp ± 1; r, s), where p ≥ 2, k ≥ 1, s > 0 and 0 < r < p is an L-space if and only if either r = p − 1 or r ∈ {2, p − 2} and s = 1. We will give yet more twisted torus knots which are L-space knots by combining a seiferter technology and Theorem 1.7.
Proof of Theorem 1.8. In the following, let Σ be a genus one Heegaard surface of S 3 , which bounds solid tori V 1 and V 2 .
• K(p, q; p + q, s) (p > q ≥ 2). Given any torus knot T p,q (p > q ≥ 2) on Σ, let us take an unknotted circle c + p.q in S 3 − T p,q as depicted in Figure 5 .2(i); the linking number between c + p,q and T p,q is p + q.
Let V be a solid torus S 3 − intN (c + p,q ), which contains T p,q in its interior. Lemma 9.1 in [38] shows that V (K; pq) = T p,q (pq) − intN (c + p,q ) is a Seifert fiber space over the disk with two exceptional fibers of indices p, q, and a meridian of N (c + p,q ) coincides with a regular fiber on ∂V (K; pq). Hence c + p,q is a degenerate fiber in T p,q (pq), and thus it is a seiferter for (T p,q , pq). Let D be a disk bounded by c Figure 5 .2(ii) leaving its endpoints fixed, the disk D can be isotoped so that D ∩ Σ = γ, which intersects T p,q in p+q points in the same direction. Thus s-twist along c + p,q converts T p,q into the twisted torus knot K(p, q; p+ q, s). Since c + p,q is a seiferter for (T p,q , pq) and (p + q) 2 = p 2 + q 2 + 2pq > 2pq, we can apply Theorem 1.7 to conclude that
is an L-space knots for all integers n.
• K(p, q; p − q, s) (p > q ≥ 2). Suppose that p − q = 1. Then let us take c (T p,q , pq) , Theorem 1.7 shows that T (p, q, p − q, n) is an L-space knot for any s ≥ −1. Figure 5 .3. c − p,q is a seiferter for (T p,q , pq).
• K(3n+ 1, 2n+ 1; 4n+ 1, s) (n > 0). Let k be a torus knot T n,2n+1 on the genus two Heegaard surface, and take unknotted circles α and c as shown in Figure 5 .4. Applying 1-twist along α, we obtain a torus knot T 3n+1,2n+1 . We continue to use the same symbol c to denote the image of c after 1-twist along α; the linking number between c and T 3n+1,2n+1 is 4n + 1. Note that 1-twist along c converts T 3n+1,2n+1 into a Berge knot Sporb[n] as shown in [12, Subsection 8.2] . Lemma 8.4 in [12] shows that c is a seiferter for (Sporb[n], 22n 2 + 13n + 2) = (Sporb[n], (3n + 1)(2n + 1) + (4n + 1) 2 ). Thus c is a seiferter for (T 3n+1,2n+1 , (3n + 1)(2n + 1)). Let D be a disk bounded by c. Then T 3n+1,2n+1 ∪ D can be isotoped so that T 3n+1,2n+1 lies on Σ, D ∩ Σ consists of a single arc, which intersects T 3n+1,2n+1 in 4n + 1 points in the same direction. Thus s-twist along c converts T 3n+1,2n+1 into a twisted torus knot K(3n + 1, 2n + 1; 4n + 1, s). Since c is a seiferter for (T 3n+1,2n+1 , (3n + 1)(2n + 1)) and (4n+1)
is an L-space knot for all integers s.
wraps n times • K(3n + 2, 2n + 1; 4n + 3, s) (n > 0). As above, we follow the argument in [12, Subsection 8.3 ], but we need to take the mirror image at the end. Take a torus knot k = T −n−1,2n+1 on the genus two Heegaard surface of S 3 , unknotted circles α ′ and c ′ as shown in Figure 5 .
into T −3n−2,2n+1 . As above we denote the image of c ′ after (−1)-twist along α ′ by the same symbol c ′ ; the linking number between c ′ and T −3n−2,2n+1 is 4n + 3.
shown in [12, Subsection 8.3] . Lemma 8.6 in [12] shows that c ′ is a seiferter for
is a seiferter for (T −3n−2,2n+1 , (−3n − 2)(2n + 1)). Let D ′ be a disk bounded by c ′ .
Then T −3n−2,2n+1 ∪D ′ can be isotoped so that T −3n−2,2n+1 lies on Σ, D ′ ∩Σ consists of a single arc, which intersects T −3n−2,2n+1 in 4n + 3 points in the same direction. Now taking the mirror image of T −3n−2,2n+1 ∪ D ′ , we obtain T 3n+2,2n+1 ∪ D with ∂D = c; D ∩ Σ consists of a single arc, and D intersects T 3n+2,2n+1 in 4n + 3 points in the same direction. Then c is a seiferter for (T 3n+2,2n+1 , (3n + 2)(2n + 1)). Since (4n + 3) 2 > 2(3n + 2)(2n + 1), Theorem 1.7 shows that K(3n + 2, 2n + 1; 4n + 3, s)
c' wraps n times + p.q is a seiferter for (T p,q , pq) and n-twist along c converts T p,q into the twisted torus knot K(p, q; p + q, n), which is an L-space knot for all integers n. Furthermore, [14, Theorem 3.19 2 ). Note that K(p, q; p + q, n)(pq + n(p + q) 2 ) is a Seifert fiber space over S 2 with at most three exceptional fibers of indices p, q and |n|, see the proof of Theorem 1.8. Assume that K(p, q; p + q, n) is isotopic to K(p, q; p + q, n ′ ) for some integers n, n ′ with |n|, |n ′ | > 3. Then pq + n(p + q) 2 -, and pq + n ′ (p + q) 2 -surgeries on the hyperbolic knot K(p, q; p + q, n) yield Seifert fiber spaces. Hence |pq + n(p + q) 
L-space twisted unknots
In [14] we introduced "m-move" to find seiferters for a given Seifert surgery. In particular, m-move is effectively used in [14, Theorem 6.21 ] to show that (O, m) has infinitely many seiferters for each integer m.
Let us take a trivial knot c m,p in S 3 − O as illustrated in Figure 6 .1, where p is an odd integer with |p| ≥ 3. Then as shown in [14, Theorem 6.21 ] c m,p is a seiferter for (O, m) such that O∪c m,p is a hyperbolic link in S 3 if p = 2m±1. To obtain more precise information, we prove that c m,p is a seiferter for (O, m) using branched coverings and Montesinos trick [40, 41] . Denote by K m,p,n and m p,n the images of O and m after n-twist along c m,p . Figure 6 .2 (b) shows that K m,p,n (m p,n ) has an involution with axis L for any integer n. Taking the quotient by this involution, we obtain a 2-fold branched cover π : K m,p,n (m p,n ) → S 3 branched along L ′ which is the quotient of L; see + 4m) ). Hence by [40] K m,p,n (m p,n ), which is the 2-fold branched cover branched along the Montesinos link L ′ , is a Seifert fiber space
The image π(c m,p ) is an arc τ whose ends lie in L ′ ; see (
Proof of Proposition 6.1. We note here that the linking number between c m,p and
is a connected sum of two lens spaces, and thus an L-space. Suppose that n = 0, 1, 2. In case of n < 0, we have 0 < n/(n−1) < 1 and K m,p,n (m p,n ) = S 2 (n/(n−1), (−p+1)/2p, (p+1)/(2p+4)) = shows that K m,p,n (m p,n ) is an L-space. If n > 2, then 1 < n/(n − 1) < 2 and
Assume n = 0. Then by the assumption p ≥ 3, m ≤ −3 we have 0 < −n/(mn+ 1) < 1, 0 < (p+ 1)/2p < 1 and 0 7. Hyperbolic, L-space knots with tunnel number greater than one
The purpose in this section is to exhibit infinitely many hyperbolic, L-space knots with tunnel number greater than one (Theorem 1.12). In [18] Eudave-Muñoz, Jasso and Miyazaki and the author gave Seifert fibered surgeries which do not arise from primitive/Seifert-fibered construction [10] .
Let us take unknotted circles c a and c b in S 3 − T 3,2 as illustrated by Figure 7 .1.
Then as shown in [18] {c a , c b } is a pair of seiferters for (T 3,2 , 7), i.e. c a and c b become fibers simultaneously in some Seifert fibration of T 3,2 (7). Proof of Theorem 7.1. We begin by recalling the following result which is a combination of Propositions 3.2, 3.7 and 3.11 in [18] .
Lemma 7.2.
(1) K n,0 is a hyperbolic knot with tunnel number two, and K n,0 (196n+71) is a Seifert fiber space S 2 ((11n+4)/(14n+5), −2/7, 1/2) and (2) K 0,n is a hyperbolic knot with tunnel number two if n = −1, and K 0,n (100n+ 71) is a Seifert fiber space S 2 (−(3n + 2)/(10n + 7), 4/5, 1/2).
Proof of Lemma 7.3. (1) Suppose that K n,0 is isotopic to K n ′ ,0 . Then K n,0 (196n + 71) and K n,0 (196n ′ + 71) are both Seifert fiber spaces. Since K n,0 is hyperbolic, Theorem 1.2 in [34] implies that |196n + 71
Hence we have n = n ′ . (2) follows in a similar fashion. (Lemma 7.3)
Let us prove that K n,0 and K 0,n are L-space knots for any integer n. If K admits a Seifert surgery (K, m), then a seiferter for (K, m) given in Theorems 1.4, 1.5 or 1.6 is an unknotted circle which enjoys the desired property.
The next proposition, which is essentially shown in [27, 28] , describes yet another example of twistings which yield infinitely many L-space knots. For further possibility, weaken a condition of seiferter to obtain a notion of "pseudo-seiferter" as follows. (1) and (2) below.
(2) c becomes a "cable" of a fiber in a Seifert fibration of K(m).
Note that pseudo-seiferter is not a seiferter, but it behaves like a seiferter in the following sense. Let V be a fibered tubular neighborhood of a fiber t and c is a cable in V . If the result of a surgery on c (which corresponds to n-twist) of V is again a solid torus, then this surgery reduced to a surgery on the fiber t which is a core of V . Hence K n (m n ) is a (possibly degenerate) Seifert fiber space. This shows a possibility that (K n , m n ) are L-space surgeries for infinitely many integers n.
Concerning Problem 8.1, we would like to ask the following question for simple knots (i.e. non-satellite knots). In [14] an "asymmetric seiferter" defined below is essentially used to find Seifert fibered sugary on knots with no symmetry. If c is a seiferter for (T p,q , pq) which becomes a degenerate fiber in T p,q (pq), then c is a meridian of T p,q or T p,q ∪c is a hyperbolic link in S 3 ; see [14, Theorem 3.19(3) ].
Hence the argument in the proof of Theorem 7.3 in [14] and Theorem 1. 
